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A 2D differential surface admittance operator
approach to model the skin effect
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Abstract — In this paper a new exact differential
surface admittance approach is put forward to model
the skin effect in multiconductor lines from DC to
the high-frequency regime. The important practical
case of conductors with rectangular cross-section is
treated in detail. Numerical results concentrate on
the determination of inductance and resistance ma-
trices.
1 INTRODUCTION
The International Technology Roadmap for Semi-
conductors (ITRS) predicts that the smallest on-
chip features will shrink from 150 nm in 2003 to 50
nm by 2012 while the clock rate will increase from
1.5GHz to 10GHz. The correct assessment of signal
integrity for such high clock rates crucially depends
on the correct modeling of the skin-effect. Consider
the current distribution in the cross-section of a
conductor of width w, thickness t (w ≥ t) and con-
ductivity σ. In the low frequency range, the skin
depth δ =
√
2
ωµ0σ
, with ω = 2pif is much larger
than both w and t. The current distribution in the
conductor is then governed by the solution of the
Laplace equation. With increasing frequency, in-
ductive effects come into play, pushing the currents
towards the surface of the conductor and leading to
an increase of the resistance and a decrease of the
internal inductance. This is the case when the skin
depth becomes comparable to the (smallest) dimen-
sion of the conductor’s cross-section (at intermedi-
ate frequencies). Only for the highest frequencies
and provided the skin depth becomes much smaller
than both w and t, the well-known skin-effect oc-
curs. In this case the current is flowing in a small
surface layer and the behaviour of the conductor is
usually described in terms of the surface impedance
Zs =
√
jωµ0
σ =
(1+j)
σδ .
It is clear that accurate electromagnetic modeling
tools need to correctly account for the redistribu-
tion of the conductor current. This has of course
been recognised by many authors and numerous
publications address this so-called current crowd-
ing problem, see e.g. [1], [2], [3], [4]. Similar to
the approach in [4], the purpose of this paper is
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to provide a surface admittance operator descrip-
tion of the conductor. At each frequency, this de-
scription associates a fictitious electric surface cur-
rent density Js(r, ω) at each point r on the sur-
face of the conductor to the tangential electric fields
Etan(r′, ω) at every other point on the surface. The
surface admittance operator allows to replace each
conductor by equivalent surface currents and to re-
place the conductor medium by the medium of the
material layer it is embedded in. The remaining
field problem can then be solved by solely consider-
ing the interactions between the equivalent surface
currents.
In this paper, we restrict ourselves to two-
dimensional configurations and to the TM-case, i.e.,
the configuration is invariant in the z-direction and
currents are flowing in this direction. Section 2
sketches the theoretical background and provides
an expression for the surface admittance operator
in terms of the Dirichlet eigenfunctions of the con-
ductor’s cross-section. In Section 3, a discretised
form of the surface admittance operator (a surface
admittance matrix) for conductors of rectangular
cross-section is obtained through a Method of Mo-
ments (MoM) technique. Section 4 shows how this
matrix can be used to determine the resistance (R)
and inductance (L) matrices of a set of parallel con-
ductors by means of an electric field integral equa-
tion (EFIE). A more detailed analysis of the prob-
lem can be found in [5]. Finally, Section 5 gives two
examples of inductance and resistance matrices of
2D interconnect structures illustrating the correct-
ness and versatility of the new technique.
2 THE SURFACE ADMITTANCE AND
ITS DIRICHLET REPRESENTATION
Consider, in the case of time-harmonic (ejωt depen-
dence) TM-polarisation, the electric field Ez inside
a conducting non-magnetic cylinder with homoge-
neous cross-section S as in Fig. 1a. Further sup-
pose that the conductor is embedded in a planar
stratified medium. The particular layer the conduc-
tor is embedded in, is characterised by the constitu-
tive parameters ²out, µ0 and σout. On the boundary
c of S we now have that
Ht =
1
jωµ0
∂nEz =
1
jωµ0
Dk · Ez, (1)
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Figure 1: (a) conductor in layered medium (b)
equivalent surface current representation.
with the index t referring to the tangential compo-
nent of the magnetic field. The expression ∂nEz
stands for the limit of the normal derivative of the
electric field tending from the inside of the cylinder
to c. Dk is the Dirichlet-Neumann operator, map-
ping the values of the field on c to the values of the
normal derivatives of the field on c. Now suppose
that the constitutive parameters of the conduct-
ing cylinder are replaced by those of the medium
outside the conductor, in particular of the mate-
rial layer the conductor is embedded in. On the
boundary c of S we now have that
Ht0 =
1
jωµ0
∂nEz0 =
1
jωµ0
Dkout · Ez0. (2)
If we want to replace the conductor by the material
of its surrounding layer, in this way restoring the
planar stratified nature of the medium and undoing
the discontinuity in conductivity and permittivity
due to the conductor’s presence, it suffices to in-
troduce an equivalent surface current density Jsz,
related to the value of the field Ez0 on the bound-
ary, by means of the differential surface admittance
operator Y given by
Jsz = YEz0 = 1
jωµ0
[Dk −Dkout ] · Ez0 (3)
This is depicted in Fig. 1b. When solving the field
problem of Fig. 1b, the obtained result is only iden-
tical to the one for the original configuration of Fig.
1a, taken outside the conductor. Inside the con-
ductor a fictitious field is obtained. However, in
order to obtain relevant data such as total Joule
losses, total conduction current or inductance and
resistance matrices, the sole knowledge of the sur-
face current density Jsz suffices. Note that on the
boundary c and only on c, Ez0 = Ez.
One possible way to obtain the operator Y is to use
the Dirichlet eigenfunctions of the cross-section S.
Calculations, the details of which are given in [5],
show that
Jsz = Y Ez = τ
∞∑
m=1
∂nξm
∮
c
Ez ∂nξm dc
(k2out − λm)(k2 − λm)
, (4)
with τ = [σ−σout+ jω(²− ²out)] and where k resp.
kout is the wavenumber of the conducting cylinder,
resp. of the medium replacing the material of the
cylinder. The ξm are the Dirichlet eigenfunctions of
the cross-section S with corresponding eigenvalues
λm.
3 SURFACE ADMITTANCE MATRIX
FOR A RECTANGLE
For a rectangular conductor (0 ≤ x ≤ a and 0 ≤
y ≤ b), the Dirichlet eigenfunctions and eigenvalues
are
ξmn =
2√
ab
sin
(mpix
a
)
sin
(npiy
b
)
, (5)
with λmn = ((mpi)/a)2 + ((npi)/b)2. In [5] it is
shown that an analytical expression for Jsz can be
obtained by expanding Ez on each side of the rect-
angle in an appropriate Fourier sine series. E.g. for
y = 0 and 0 ≤ x ≤ a this series is
Ez = sin(mpix/a) (6)
However, when we want to use Ez and Jsz in
a Galerkin MoM approach to obtain R- and L-
matrices, it is indicated to use pulse basis functions.
Hence, we rewrite Ez as
Ez =
M∑
j=1
Ejtj(x), (7)
where tj = 1 for xj−1 < x ≤ xj and zero elsewhere,
with x0 = 0 and xM = a and with M the num-
ber of pulse basis functions along the considered
side. A similar expression can be put forward for
Jsz, replacing the coefficients Ej by Jj/(xj −xj−1)
(the factor (xj − xj−1) is necessary in view of the
Galerkin testing). We can now collect all the pulse
basis amplitudes Ej , on all of the four sides, into
a vector E and similarly all Jj ’s into a vector J.
Tedious, but completely analytical calculations [5]
allow to obtain the discretised form of Y as
J = Ys ·E. (8)
Ys is the M × M differential surface admittance
matrix (all entries of Ys have dimension Ω−1).
4 R- AND L-MATRICES FOR MULTI-
CONDUCTOR LINES
The relevant EFIE, valid as long as the cross-
sectional dimensions of the conductors remain small
with respect to the free space wavelength, is [2]
Ez(r) = −jωAz(r)− ∂V (r)
∂z
. (9)
Az is the vector potential, V is the scalar potential.
Using the differential surface admittance, the con-
ductors can be replaced by equivalent surface cur-
rents Jsz. The vector potential of these currents in
free space is given by
Az(r) = −µ0
∮
c
Jsz(r′)
1
2pi
ln |r− r′|dc(r′). (10)
Further suppose we have a system of N conductors.
The following relationship then holds
∂V
∂z
= −(R+ jωL)I. (11)
In (11), V is a N × 1 column vector formed by
the constant potentials Vp of each conductor cross-
section, with p = 1, 2, ....N . I is also a N×1 column
vector formed by the total currents Ip through each
conductor p and R and L respectively represent the
N ×N R- and L-matrix per unit of length. Follow-
ing the approach explained in Section 3, the surface
current on the circumference of each conductor is
discretised using a pulse basis, leading to a total of
T pulses for the N conductors. The same is done
for Ez. Combining (9) and (11) then leads to
Ei + jωµ0
T∑
j=1
GijJj =
N∑
q=1
(Rpq + jωLpq)Iq. (12)
Ei is the amplitude of basis function i with i =
1, 2, ...T . Gij results from the discretisation of the
boundary integrals in (10) and expresses the inter-
action between pulse i and pulse j. Further suppose
that pulse i is located on conductor p. In the right
hand member of (12), the summation runs over all
conductors and involves the self coupling and mu-
tual coupling resistances and inductances between
conductor p and all other conductors. Finally, by
invoking the relationship (8) for each conductor, the
Ei’s in (12) can be expressed in terms of the Ji’s.
The values of the elements of the resistance and in-
ductance matrices can now be obtained by solving
(12) N times, enforcing the fact that for each of
these solutions the total current running through
one of the conductors is equal to unity, while all
other total currents remain zero.
5 NUMERICAL EXAMPLES
As a first example we consider the copper two-
conductor system (σ = 5.6×107(Ωm)−1)) depicted
in Fig. 2 [1], [4]. We consider both the 2mm ×
2mm
0.2mm
s
case 1
2mm
2mm
s
case 2
Figure 2: Two pairs of copper signal lines.
0.2mm case (case 1) and the 2mm × 2mm case
(case 2) for separation distances s = 0.5mm, 1mm
and 2mm. The number of pulses is 20 on each
side. Fig. 3 shows the resistance results between
100 Hz and 10 GHz. Fig. 4 shows the correspond-
ing results for the inductance. Observe that the
inductance results are much more sensitive to the
distance between the conductors. For case 1, the
separation distance used in [1] is s = 0.8mm. The
inductance result for this distance is also shown on
the plot (dashed line).
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Figure 3: Resistance for the example of Fig. 2.
As a second example consider the configuration
depicted in Fig. 5. It is the cross-section of a
coaxial line with two copper signal conductors sur-
rounded by a copper outer conductor (σ = 5.8 ×
107(Ωm)−1)). All dimensions are in units of 0.1mm
and a discretisation of 4 divisions per 0.1mm is
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Figure 4: Inductance for the example of Fig. 2.
used. As our method can only handle rectangular
conductors, the outer conductor is subdivided into
4 separate conductors, as indicated on the figure.
However, the gap between the conductors is kept
extremely small (less than a tenth of a µm and we
verified numerically that for such small gaps stable
numerical results are obtained). The total num-
ber of segments amounts to 528. We assign a zero
gap
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Figure 5: Copper coaxial line with 2 signal lines.
reference potential to the four conductors forming
the outer coaxial shield and determine the 2 × 2
resistance and inductance matrix of the resulting
configuration as shown in Fig. 6. The DC value for
R11 = R22 is 1.73408Ω/m, i.e. the sum of the DC
resistance of the outer coaxial shield and one of the
signal conductors. The DC value for R12 = R21 is
2.9829 × 10−2Ω/m, i.e. the DC resistance of the
outer coaxial shield. Further remark that the low-
frequency value of L12 = L21 is negative. This is al-
lowed as long as the 2×2 inductance matrix remains
positive-definite. This positive-definite nature has
been verified for the complete frequency range and
implies that the magnetic energy always remains
positive whatever the currents used to excite the
configuration. We have also determined the induc-
tance matrix for the case of perfect conductors, us-
ing a finite difference technique to solve Laplace’s
equation for the capacitance problem and using the
fact that the product of the inductance and capaci-
tance matrix equals 1/(²0µ0) . The obtained results
are: L11 = 157.4 nH/m and L12 = 12.06 nH/m,
while the present technique yields L11 = 158.62
nH/m and L12 = 12.11 nH/m.
0.01
0.1
1
10
100 1k 10k 100k 1M 10M 100M 1G 10G
−50
0
50
100
150
200
250
300
350
frequency
resistance (Ohm/m)
1−1 & 2−2
1−1 & 2−2
1−2
1−2
inductance (nH/m)
Figure 6: (2x2) R- and L-matrix for Fig. 5.
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